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Abstract. Let p be an odd prime and let f(x) = J2i=i a i xpat+1 £ F p n[x], 
where < oji < ■ ■ • < ct^. We consider the exponential sum S(f,n) = 
£*eF„„ e„(/(*)), where e n (y) = e 2-Tr„( H )/ P> y g ^ Trn = T r Fp „ /Fp . 
There is an effective way to compute the nullity of the quadratic form Tr mn (/(a;)) 
for all integer m > 0. Assuming that all such nullities are known, we find rel- 
ative formulas for S(f,mn) in terms of S(f,n) when u p (m) < min{v p (cti) : 
1 < i < k}, where v p is the p-adic order. We also find an explicit formula for 
S(f,n) when U2(cti) = • ■ ■ = V2{ctu) < ^[n). These results generalize those 
by Carlitz and by Baumert and McEliece. Parallel results with p = 2 were 
obtained in a previous paper by the second author. 



1. Introduction 

Let p be a prime and let F p ™ be the finite fields with p n elements. Denote the 
trace from F p n to F pm by Tr„/ m ; the trace Tr n /i is also denoted by Tr n . Let 
e n (y) = e 27riTr " (s/)/p , y € F p ™. Carlitz considered the sum X^gf n e„(ax p+1 + bx), 
where a, b £ F p ™. He gave explicit evaluations of this sum for p = 2 in 2 and for 
odd p in [3]. The evaluation of the sum X^gf » e "( aa;P where a & ¥ p n and 
a > 0, was also implied by the results of Baumert and McEliece pQ. Also see [5]. 

More generally, we let 

k 

(l.i) /W^a/'+'eF^N, 

where < ai < ■ ■ • < a^, and consider the sum 

S(f,n)= tn(f(x)). 

Note that S(f,n) is an exponential sum of a quadratic form on F p l . In fact, if 
we identify F p n with F™, then Tr ra (/(x)) is a quadratic form in the coordinates of 
F™. Conversely, every quadratic form on F p n (identified with F") can be written 
as Tr„(/(x)) for some polynomial of the form (II. ip . The sum S(f,n) is completely 
determined by the canonical form of the quadratic form Tr„(/(cc)). The converse 
is true except when p = 2 and S(f, n) — 0. In general, there is no direct way to 
identify the canonical form of Tr„(/(x)) using f(x); an indirect way is through the 
computation of S(f, n). 
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We can also consider a seemingly more general sum 

S(f + bx,n) = ^2 e n (f(x) + bx), 

where b € ¥ p n. However, when p is odd, S(f + bx,n) follows easily from S(f,n), 
as we will see in section 3. When p — 2, we can write S(f + bx, n) = S(f + ex 2 , n), 
where b = c 2 and / + cx 2 is of the form (|1.1| . 

In general, the sum S(f, n) is not explicitly known. In a recent paper [5] by 
the second author, Carliz's result on the sum J2 x e¥ 2 n e n( ax3 + bx) was extended 
to certain polynomials of the form (1.1) in F2»[a;]. In the present paper, we will 
establish parallel results for odd primes p. 

When p is odd, the sum S(f, n) is expressed in terms of the nullity and type 
(definitions in the next section) of the quadratic form Tr n (/(x)). The nullity of 
Tr„(/(x)) is rather easy to compute, as we will see in the next section. For most 
of the paper, we will treat the nullity of Tr„(/) as known and focus on the deter- 
mination of the type of Tr„(/(x)). 

We fix a polynomial f(x) S F p >i[x] of the form and consider the sum 

S(f,mn) as a function of m 6 Z+. We try to evaluate the type of Tr m „(/(a;)) 
in terms of that of Tr„(/(x)); the result gives S(f,mn) in terms of S(f,n). For 
this purpose, it suffices to assume that m is a prime, say q. The three cases, (i) 
q ^ p, 2, (ii) q = 2, and (iii) q = p, require different methods. In the first two cases, 
we obtain explicit formulas for S(f,qn) in terms of S(f,n). When q = p, we are 
able to express S(f,pn) in terms of S(f,n) only under a very restrictive condition 
that v p (n) < min{i'p(Q;j) : 1 < % < fc}, where v v is the p-adic order function and 
a.%, . . . , a/, are given in . 

The results described above are "relative" formulas of S( f, mn) in terms of 
S(f,n). Explicit formulas for S(f,n) itself would be more desirable. A special sit- 
uation which allows explicit evaluation of S(f,n) is when ^(ck) = ■ • ■ = ^(effe) < 
1/2 (n). A similar result for p = 2 has been proved in [B]. 

The paper is organized as follows. In section 2, we express S(f, n) in terms of the 
nullity and type of Tr n (/). We also describe a method for computing the nullity 
of Tr n (/). Section 3 provides a formula for S(f + bx,n) in terms of S(f,n). In 
sections 4-6, we derive relative formulas for S(f, mn) in terms of S(f, n) in three 
cases respectively: (i) m = q s , where q is a prime and q =/= p, 2; (ii) m — 2 s ; (iii) 
m = p s , where s < mh\{v p (ai) : 1 < i < k} — v p {n). In section 7, we give an explicit 
formula for S(f, n) under the assumption that 1/2(011) = • ■ • = ^(atc) < vi(n). As a 
special case of this result, we have an explicit formula for the sum S(ax p +1 ). The 
two tables in the appendix contain the nullities of Tr„(/) with p n — 3, < 4 and 
with p n — 5, and ak < 3. 

Throughout the paper, p is always an odd prime. 

2. The Nullity and Type 

It is well known (cf. [H Theorem 6.9]) that every quadratic form F{x\, . . . ,x n ) 
on Fp is congruent to a canonical form 

(2.1) x 2 H Vxl^+dxl, 

where r > and d G F*. (Two quartic forms F(x\, . . . , x n ) and G(x\, . . . , x n ) on 
F™ are congruent if G(x\, . . . ,x n ) = F((x%, . . . ,x n )A) for some A G GL(n,¥ p ).) In 
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(|2.ip . the integer r is called the rank of F and n — r the nullity of F. Let n be the 
quadratic character of ¥ p . Then n(d) € {±1} is called the type of F. The image 
of d in the quotient group F*/(F*) 2 , where (F*) 2 = {a 2 : a 6 F*}, is called the 
discriminant of F. (If F = 0, we define the type of i* 1 to 1 and the discriminant of 
F to be 1(F*) 2 .) The nullity of F is the dimension of the F p -space 

{z e F™ : F(x + z)- F{x) = constant for all x € F™}. 

The quadratic form i* 1 is uniquely determined, up to congruence, by its rank and 
type. 

Let g p denote the Gauss quadratic sum on F p . Recall that 

=^ (P - 1) V, 

xG¥ p 

where ( p = e 27 "/ p . 

Lemma 2.1. Let F be a quadratic form on F™ of type t and rank r. Then 

E C^ xu -' x " } =tg r p p n - r . 

(x u ...,x n )eV% 

Proof. We may assume F(x\, . . . ,x n ) — x\ + ■ ■ ■ + x 2 _ 1 + dx 2 , where n{d) = t. 
Then 

E v - r ' '(X O p_1 (E C 2 ) =< 5>"" r - 

(Ki,...,x»)el'j xew p x£F p 

□ 

Now let 

k 

(2.2) /(a;) =E«i^" <+1 6F p n[a:], 

i=l 

where < ai < ■ ■ • < = a and ^ 0. Let and t n (f) denote the nullity 

and type of Tr„(/) respectively. By Lemma \2. 11 

(2.3) S(/,n) = a/)<?r U/ V" (/) - 
The nullity l n (f) is the dimension of the F p -space 

{z E F p n : Tr„(/(a; + z) — /(#)) = constant for all x G ¥ p n}. 
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Note that 



Tr n (f(x + z)-f(x)) 



:Tr 



(2.4) 



i=l 
k 

Tr„ ^ °>i i xpai z + xzpai + zP °' + 

i=l 

k 

Tr n (f(z))+Tr n [xJ2 



a? V" 



= Tv n (f(z)) +Tr n \xP a J2( a f zP ' 



1 



= Tr„(/(z))+Tr„[^ Q rW], 
where p~ ai is a positive integer such that p~ ai ■ p ai = 1 (mod p n — 1) and 



(2.5) 



f(z)=5>f>' 



> + ■>; 



Therefore, Tr„(/(x + z) — f(x)) = constant for all x S F p n if and only if z is a root 
of /*• /* is a p-polynomial over ¥ p n without repeated roots. Thus, 

l n (f) =dim Fp {zeF p , ;f*(z)=0} 

(2.6) =log p \{ze¥ p n :f*( z )=0}\ 

= log p deg(/*, x pn - x). 

Let 

(2.7) s = min{m : n \ m, l m {.f) = 2a}. 

Since deg/* = p 2a , F p s is the splitting field of /* over F p n. It is obvious that 

(2.8) l m (f) = l {m , s) {f) for allO <m = (mod n). 

The nullity l m {f) for all < to = (mod n) can be computed using the following 
algorithm: First use (|2.6|) to compute h n (f) for £ = 1,2,... until Z s (/) = 2a. Then 
F pS is the splitting field of /* and l m (f) is given by 



Example 2.2. Let 

f(x) = x 5 ° +1 + 2x 5l+1 + 3x 5 ' 2+1 + 4x 53+1 + x 5 ' +1 e ¥ 5 [x}. 

Then 

f*(x) = x + Ax 5 + 3x 52 + 2x 53 + 2x 54 + 2X 5 " + Sx 5 " + Ax 5 ' + x b& 
Using Mathematica [IT] , we find that 



(2.9) 



5 4 if m = 13, 
deg(/*, x b "' -x) = { 5 8 ifm = 26, 



1 if 1 < to < 26, m ^ 13,26. 
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Thus, the splitting field of /* over F5 is F526. Let m be any positive integer written 
in the form m = 2 a 13 b m*, where (to*, 2 • 13) = 1. Then by (J22|) and ([2J]) . 

'0 if 6 = 0, 

(2.1.0! /,„(/! = {A if 6 > 1, a = 0, 

if 6 > 1, a > 1. 

In the appendix, we give the values of l m (f), where / is of the form (|2.2[) with 
P n = 3, Q < 4 and p n = 5, a < 3. 

3. From S{f,n) to 5(/ + fea;,n) 
Let /(a;) G F p „[x] be as in (|2~2"1) . 
Lemma 3.1. Let 6 £ F p «. TTien 



S(f,n)S(f + bx,n) 

!p™+ i '»(/)e n (/(a;o)) if f*(%) = has a solution x G ¥ p n 
otherwise. 

Proof. We have 



S(f,n)S(f + bx,n) 
= J2 e n(f(x + y)-f(y)-by) 

x,ye¥ p n 

= e n (f(x)+yf*(xr- a - by) (by JH) 

x,y£W p n 

= e»(/o»o) E - 
=p n E e «(/w)- 



If /*(a;) = W has no solution in F p „, S(f,n)S(f + bx,n) = 0. If f*(x) = W 
has a solution xo G F p ™, then the solution set of f*(x) — b p in ¥ p n. is the l n {f)~ 
dimcnsional affine subspace xq + {z G F p n : f*(z) — 0} and Tr„(/(a:)) is a constant 
on this affine subspace. Therefore, 

S(f, n)S(f + bx,n) = p"+'" (/) e„(/(x )). 

□ 

Corollary 3.2. We have 



S(f + bx, n) 



e n (f(xo))S(f 1 n) if f*(x) — b p has a solution xq G ¥ p n, 
otherwise. 
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Proof. Since S(f,n) ^ 0, by Lemma [3.11 we only have to consider the case when 
f*{x) — b pC " has a solution x £ ¥ pn . We have 

p n+l n (f) 

S(f + bx,n) = -== e»(/(x )) 
S( f, n) 



\S(f,n)\ 



e n {f(x ))S(f,n) 



□ 



= e n (f(x ))S(f,n) (by (ED). 

4. From S(/, n) to q ^ 2, p 

In this section, we assume that q is a odd prime with q p and s > 0. 
Lemma 4.1. In t/ie rmj we have 

(4.1) S(/,9 S n)= E e ?3 „(/(x)) (mod g); 
equivalently, 

(4.2) Vn(/) 5 r- V " (/ V-" (/) - (^) S( """ (/)) t n (/) 3 r Z " (/ V" (/) (mod,), 
where (^) is </ie Legendre symbol ([7]^. 

Proof. Write 

S(f,q s n)= J2 e Mf(x))+ E zMf{x)). 

In the above, 

E e^ B (/(s))=£|T(i)|& 

whereT(i) = {x 6 F p9 s„\F p „ : Tr g » n (/(x)) = i}. T(i) is a union of Aut(F p „«„/Fp»)- 
orbits of cardinality > 1. Since the cardinality of every Aut^^n/F^-orbit is a 
power of q, we have \T(i) \ = (mod q) for all < i <p — 1. Hence, 

X] e 9 * n (/(a;)) = (modg). 



So, (|4.1[) is proved. 

To see the equivalence between (|4.1[) and (14. 2[) , we compute both sides of (|4.1[) . 
By (ESI, 

S(/,g s n)=V n (/)^ n " V " ( V s " (/) - 
Note that the quadratic forms q s Tr n (f(x)) and Tr„(/(a:)) on F p ™ have the same 
rank but the type of q s Ti n (f(x)) equals (£) s( - n ln * ' times the type of Tr„(/(a;)). 
Thus, 

E «*«(/(*)) = E cf TxM[x)) = (Y n ~ ln{f)) tn(f) 9 r lnU) p lM) - 

Now, the equivalence between (|4. 1[) and (|4. 2|) is clear. □ 
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Lemma 4.2. We have 

(4.3) 

and 

(44) 



P 



I (mod g) 



2 [^„(/) -/«(/)] eZ. 



Proo/. LetX = {a; €F p ^«\Fp« : = 0}. ThenA isaunionof Aut(f p9 *»/Fp»)- 

orbits of cardinality > 1. Thus, 



(4.5) 



P 

and (|4.3|) is proved. 

Using (|4.3|) . we can simplify (|4.2p as 



,V»(/) _ pln(f) = \x\ = (mod g) 



(4.6) *,.»(/)# 



!'»-!,.»(/) _ /?y (n_u/)) 



a/)sr u/) ( mod ?)• 



Assume to the contrary of (]4.4[) that lq* n {f) — ln(f) is odd. Then exactly one of 
g s ra — l q s n (f) and n — l n (f) is odd. Also note that g^ = ±p. Thus ()4.6|) gives 

(4.7) g p p Q = 6 (mod g) 

for some a, 6 G Z, a > 0. Let cr G Aut(Q(<? p )/Q) such that a(g p ) = —g P - Since 
Q(C P )/Q is Galois, we can extend cr to r G Aut(Q(C P )/Q). Apply r to (|47F]1 . We 
have 

—g p p a = b (mod g). 
It follows that 2g p p a = (mod g), which is a contradiction. □ 

Let o g (f>) denote the multiplicative order of p in Z/gZ. Then by (|4.3p . o ^ (l q = n (f)- 
Uf)) 6 z. 

Theorem 4.3. We Ziawe 



(4.8) Vn(/)=*n(/)(f)" B(/) (-l) i ' 



Proo/. By 



(4.9) - (^) S ^ U/)) t n (/)^- (/) - U/) (mod g). 



Since = (— 1) P 2 p, we have 



(4.10) 



„»(<z s -i) 
y P 



(-l)^P 



(_l)3»(p-l)(? a -l)p2(9- 1 )«( 1 +9+---+9 S_1 ) 



= (_i) Wp-i)(9-D S ™ (mod g). 



(Note that piO?- 1 ) = (£) ( mo d g) and that g s - 1 = s(q - 1) (mod 4).) Also, 



yp 



(-l)^p 



= (_l)£(p-l)(Vn(/)-W/)) p §(Vn(/)-M/)). 

Since \{l q ^ n {f) ~ l n (f)) £ z an d o g (p) | (l q » n (f) - l n (f)) (Lemma we have 
p §(Vn(/)-U/)) = (_i) ^(Vn(/)-U(/)) (mod g) _ 
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Thus, 

(4.11) gWfl-'-tf) = ( _i)^-i)(V»(/)-'-.(/))+^(V»(/)-i»(/)) (mod q) _ 
Using (|4~10l) and (jlTTj) in fL9]), we have 

^(/)=a/)g) >M " (/,) (5 m 

. ( -_ 1 - ) 3(p-l)(™(<Z-l)+i, S „(/)-i„(/)) + ^(i, S „(/)-i„(/)) / mod ? x 

In the above, both sides are ±1; hence the two sides are equal. Using the law of 
quadratic reciprocity 

(£)(£) = (_l)i(P-i)(«-i}, 
we have ISM. □ 



Example 4.4. (Example 12.21 continued) Let 

f(x) = x b ° +1 + 2x 5l+1 + 3x 52+1 + 4x 53+1 + x 5i+1 e ¥ 5 [x] 

be the polynomial considered in Example 12.21 The nullity l m (f) is given by (|2.10p 
for all to > 0. Since 

S(f,l)= X)e 1 (/(x))= ^ex(^) = 55 , 

we have 

= 1. 

Now let to be odd and not divisible by 5. Write to = 13 b TO*, where (to*, 2-5T3) = 1. 
Note that oi 3 (5) = 4. Then it follows from (|4T5|) that 



*m(/) 



1 if 6 = 0, 
-1 if 6 > 1. 



In the next section, we will revisit this example and determine i m (/) for all even 
to not divisible by 5. 

5. From S(f,n) to S(f,2 s n), s>0 

We have 

S(f,2 s n) = J2 C2°n(f(x))+ J2 ^n{f{x)). 

x& p2 s n \¥ p2n x& p2n 

Here, 

p-i 

£ e23 „(/(x))=£|T(i)|4, 

i6F p2S „\F p2 „ i=0 

where 

T(») = {x G F p2 »„ \F p2 „ : Tr 2 a n (/(a;)) = »}. 

We claim that T(z) is a union of Aut(F p 2s„/F p >i)-orbits of cardinality divisible by 
4. Note that Aut(F p 2«„/F p r l ) is cyclic of order 2 s . If x G F p2 =„ \ F p2 „, its stabi- 
lizer in Aut(F p 2=n/Fpn) does not contain Aut(F p 2=„/F p 2 n ) hence must be properly 
contained in Aut(F p 2s n /F p 2n). So, the Aut(F p 2=n/F P 7i)-orbit of x has a cardinality 
divisible by 4; hence the claim is proved. 
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Therefore, we have 
(5.1) S(f,2 s n)= Y, e 2 . n (/(a:)) (mod 4). 



Partition F p 2n as 



F p 2„ =F P ~U J 4UB, 



where 

A ={xgF; 2 „ : x^- 1 = -1}, 
B ={a;eF; 2 „ : x^ 1 ^ ±1}. 

Note that £> can be further partitioned into four-element subsets of the form 
{±x,±x p ™}. Moreover, e2» n (/(x)) is constant on {±x, ±x p "}. Thus, 

(5.2) E e 2 .„(/(a;)) = (mod 4). 

xeB 



and A — xqF*„ . So, 



Let /? be a nonsquare of F p ™ and let xo & F p 2n such that Xq — (3. Then Xq = — 1 
.So, 

xeA a;eF*„ i=l 

= E e 28n (E^^ a<+1) ^ i+i ; 



(5.3) 



a;6F*„ i=l 



= E e ^(/»)-i, 

where 

k 

(5.4) />) = Eai^ (p °' i+1) a; p0 ' i+1 € Fp»[x]. 

i=l 

Note that when /3 is fixed, /(a:) = f{(3x). By JO]) - |0]), we have 
S(/,2 s n) = E e a .„(/(*)) + $>■„(/(*)) ( mod4 ) 

= E ^ n (f(x)) + E <W/0«0) - 1 

= (-) 5(/,n) + (-J 5(/,n)-l, 



t2.„(/)^"-'"- (/ V a - (/) 

: (^ (n - U/)) t„(/), r M/)^(/) + (^ ( "" U/)) t„(/) ffr U/),U/) (mod 4) . 
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Since (|) = (— 1)h(p 2_1 ) and p = (— (mod 4), the above can be written as 

w/x-i)* b - i)w v n ~ w/) 

(5.5) =^(/)(_l)|(f 2 -l) S (™-'»(/)) + l(P-l)^(/) 5 »-'n(/) 

+ tn (^(-i)iCp a -iMn-J„(/))+J( P -i)i»(/) j; «-J„(/) _ ! (mod 4) . 

Theorem 5.1. Let / fee given fey (|2.2[) and / &y (|5.4p and let s > 0. TTien 
ln(f) + l n (f) + h°n(f) is even. Moreover, 



(5.6) t 2 s n (f) = 



*»(/)*»(/) ifUf)=ln(f) (mod 2), 

tn(f)tn(f)(-l)^ p2 - 1)S ifUf)^L(f) (mod 2). 



Proof. We first show that Zn(/) + ^ra(/) + h s n(f) is even. If, to the contrary, 
ln{f) + ln(f) + h'n{f) is odd, then exactly one or three of 2 s n - h* n (f), n - l n (f) 
and n - l n (f) are odd. Note that g\ = (-l)^- 1 ) 2 ^ = 1 (mod 4). Thus, ([53]) 
gives 

g p = u (mod 4) for some «6Z 

or 

— 1 = vg p (mod 4) for some d£Z, 

depending on whether one or three of 2 s n — h=n(f), n — ln(f) and n — l n (f) are 
odd. Let r 6 Aut(Q(£ p )/(Q)) such that r(g p ) — —g p and apply r to the above. In 
the first case, we have 

\g p = u (mod 4), 
1 — g p = u (mod 4). 

So, 2g p = (mod 4), which is a contradiction. In the second case, we have 

{ — 1 = vg p (mod 4), 
-1 = -vg p (mod 4). 

So, —2 = (mod 4), which is also a contradiction. Thus, we have proved that 
ln(f) + L(f) + h°n(f) is even. 

To prove (|5.6p . we first assume l n (f) = l n (f) (mod 2). Then h-nif) is even. By 
we have 



(5.7) t 2 s n (f)=(t n (f)+t n (f))S-l (mod 4), 

where <5 G {±l,±g p }. Since \{g P — 1) is integral over Q, g v = 1 (mod 2). Thus, 

2c5 = 2 (mod 4). If t n (f) + *»(/) =0,^1 gives t 2 , n (f) = -1- H **(/) + *«(/) = 
±2, (E3I gives 



f 2 . n (/) = 25 - 1 = 1 (mod 4), 
i.e., t2 s n(f) = I- To sum up, we have 

, m _/-i if *»(/) + **(/) = L f m , ( A 

2S " UJ I 1 if *„(/)+*„(/) = ±2 J 



EXPLICIT EVALUATION OF CERTAIN EXPONENTIAL SUMS 



11 



Now assume l n (f) ^ ln(f) (mod 2). Then fo'nif) is odd. Without loss of 
generality, assume n — l n (f) is odd and n — l n (f) is even. Then by l|5.5[) . 

= t„(/)(-l)5(P 2 - 1 ) s +5(P-i)'"(/) 5p + t n (/)(-l)^(P-i)'"(/) - 1 (mod 4) 

= t n (/)(-l)l( P 2 -l)^l( P -l)(^(/)+l) 5p+tn( / )( _l ) l(p-^n(/)_ 1) 



= t n (/)(-l)5(P-^»(/)-l (mod 4). 



5p 



So, 



tn(/)(-l)* (P -D'+i^-^-W if tn (/) ( _l)i(p-l)/„(/) = 1, 
A(/)(-l)^ (p2 - 1)S+ ^ (p - 1) '" (/) if *„(/)(-l)* (p - 1)U/) = -1 
= tn(/)i„(/)(-l)^ (p2 - 1)S . 

This completes the proof of the theorem. 
Example 5.2. (Example 14.41 revisited) Recall that 



f(x) = x 5 ° +1 + 2x 5 ' +1 + 3x 5 ' 2+1 + 4x 53+1 + x 54+1 G F 5 [x] 
and ti(f) = 1, h(f) — 0. Choose a nonsquare /3 = 2 6 F5. Then 



/» = 2x 5 " +1 + x 5l+1 + x 52+1 + 2x 5 " +1 + 2x 5 ' +1 . 



Since 



s(ii) = J2 e i(/>)) = E e i( 3a;2 ) = -55, 

we have = -1 and h{f) = 0. By (|5\6|) . 

*2«(/) = -l fora>0. 
Let m = 2 a 13 b m*, where s > and (m*, 2 • 5 • 13) = 1. Then by 

M/) = *2.(/) = -i. 

Example 5.3. Let 

/(or) = x 3 ° +1 + 2x 3l+1 + 2.x 32+1 + 2x 33+1 + x 3l+1 g ¥ 3 [x}. 

Then 

= x + 2x 3 + 2x 32 + 2x 3 '' + 2x ii + 2x 3& + 2X 3 " + 2x 3 " + x 3 * 
The splitting field of /* over F3 is F324 and 

(0 if o = 0, 

1 if a = 1, 6 = 0, 

2 if a = 1, b> 1, 
W,„ (/) = <( 3 if a = 2, 6 = 0, 

4 if a = 2, 6 > 1, 

7 if a > 3, 6 = 0, 

8 if a > 3, 6 > 1, 



□ 
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where (m*,2 • 3) = 1. (Sec TableQ]in the appendix.) Since 

S(f,l)= J2 ei(2x 2 ) = -.g 3 , 



we have t\(f) = — 1. By Theorem 14.31 

t m ,(f) = ti(f) = -1 for all m* > with (m*, 2 • 3) = 1. 

Also, 

f(x) = 2x 3 ° +1 + 2x 3l+1 + x 32+1 + 2x 33+1 + 2x 3i+1 . 
Since = E Ke F 3 e i(°) = 3, we have ii(/) = landZi(/) = 1. By TheoremEU 

M/) = -(-1)° = (-l) a+1 for all a > 0. 
By Theorem 14.31 again. 

W (/) = (~1) Q+1 (^) , a > 0, (m*, 2 • 3) = 1. 
Example 5.4. Let 

f(x) = 5x 7 ° +1 + 6x 7l+1 + x r2+1 e F 7 [x]. 
Using Mathematica, we find that the splitting field of /* over F7 is F 7 se and 




1 

^2»7 b m*(/) = { 2 

3 



if a = 0, 

if 1 < a < 2, 6 = 0, 
if 1 < a < 2, b > 1, 
if a > 3, 6 = 0, 
if a > 3, 6 > 1, 



where 2 • 7) = 1. Since 



5(/,l)= £ ei (5x 2 ) = - 97 , 



we have ii(/) = — 1. By Theorem 14.31 

i TO »(/) = ti(/) = -1 for all m* > with (m*,2 • 7) = 1. 
Choose a nonsquare /3 = 3 G F7. Then 

/>)=x 7 °+ 1 +3 a; 7l + 1 +3a ; 72+1 . 
Since S(f, 1) = E Ke F r e i(°) = 7 > we have = 1 and h(f) = 1- By ThcoremO 

*2»(/) = -l for all a > 0. 

By Theorem 14.31 again. 



t 2 ° m * (/) = -( — ), a>0, (m*,2-7) = l. 
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6. From S(f,n) to S(f,pn) 

In this section, we consider the relative formula of S(f,pn) in terms of S(f,n). 
This seems to be a difficult situation; the congruence method in the previous two 
sections does not work here. We are able to express S(f,pn) in terms of S(f,n) 
only under a very restrictive condition on /. 

Let b e F p n such that Tr„(&) ^ 0. By the Artin-Schreier theorem (cf. [§J Ch. 
VI, Theorem 6.4]), F pP ™ = F p » (e), where e p = e + b, and the roots of x p — x — b are 
£ + iii€^P- For every integer t > 0, we have 



4 't 



t-s 



s=0 vSy jGFp 



i>0 



e t-i(p-i)_ 



Lemma 6.1. Let u, v be integers such that < U, v < p — 1. XTien 

(6.2) Tr w „( £ ^) = {° + 

V 7 P / V ; [-1 i/u + u =p- 1, 2(p- 1). 

//a is a positive integer, then 

Tr pn/n (e"+^) = " ( u + y _ 1} ) + ' ' ' + 6f Q ")-+"-(f- 1 ) 



(6.3) 



ifu + v^2(p-l), 
-1 ifu + v = 2(p- 1). 



Proof. Write u + v = u + v p, where < u , v < p — 1. By (|6.ip . we have 



TV , Cf"+ UN | _ _ ^ U + U V«+«-(p-l) _ ( U + U V«+«-2(p-l) 

W " 1 j ~ \P-1J \2(p-l)J 



W + Vp\ „ +u _ (p _i) _ / U' + V'p \ u+v -2(p-l) 



p-1 r ' \(p-2) + lpj e 

U ' ^ -+v-{p-X) _ ( u ' \( v ' \ u+«-2(p-l) 



Equation (|6.2[) follows immediately from the above. 
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Now we prove (jOj) . By (|6T|) . 

TTp n j n ( ^ ) 

S + tp a _ 



E 



0<s,t<p-l 
0<s+tp Q =0 (mod (p-1)) 



E 



0<s<« 
0<i<-u 
0<s+t=0 (mod (p-1)) 



^w— s+(u — £)p° 



0<s<tt 
0<i<i> 

ti+t>>s+£=ti+v (mod (p— 1)) 



Since e p = e + 6, we have e p " = e + o p H h . Thus, 



0<S<11 
0<t<D 

u+7J>s+t=^+v (mod (p— 1)) 



\<r-c<f.,. \ / \ / n \ / 



b p 



0<s<u \ / \ / T=0 

0<t<V 

u-\-v~> s+t=u+v (mod (p— 1)) 

In the above sum, s+r < s+t < u+v— (p— 1) < p— 1. Since Tr p „/„(e u+ ' up ") G F p n, 
in the above, we only have to sum the terms with s + r = 0. Therefore, 

Tip n y n (6 ) 

e (;V+-+60* 

u+u>t=u+?; (mod (p— 1)) 



= _( v \ {h P a + ... + b p"-' ) u+v-( P -i) + 1° if« + «^2(p-l), 
Vw + w-(p-l)/ [-1 if u + « = 2(p-l). 

This completes the proof of the lemma. □ 



Theorem 6.2. Let / be as in (|2 . 2[) . Assume v p (n) < min{z/ p (ai) : 1 < i < fc}. 
TTien, 

(6.4) 5(/,pn) =p^- 3 )( n+, »W)|S'(/ > n)| a S(7^). 
Moreover, 

(6.5) lpn(f) =pln(f), 

(6.6) W/) =*»(/)• 

Proof. Let v p (n) = v and write n = p | n'. Choose 6 6 F pP ^ such that 

Tr p ^(6) 7^ 0. Then Tr ra (o) = n'Tr p ^(6) ^ 0. Since fp(aj) > ^, we have 

bP° + --- + b^ =Tr Qi (6) = 0. 
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(If on — 0, b p ° + ■ ■ ■ + b p is an empty sum.) By Lemma \6.1\ for all 1 < i < k 
and all < u, v < p — 1, 



Trw„(e«+^) 



if u + v^p-1, 2(p-l), 
-1 if u + v=p-l, 2(p-l). 



Let x — xoe° + ■ ■ ■ + x v -\e v 1 e F pP n , where x u G F p « , < u < p — 1. Then 



Tr pn (f(x)) 



Tr 



Tr 

-Li 77 



fy^gj(a; 6 H h:Ep-ie p L ) 

i=i 

(X> E 



i\i+p° 



i— 1 0<i/,t><p— 1 
ft 



2—1 0<lt,1><p— 1 



Tr 



E 



i—1 0<u,v<p— 1 

tt+u= p— 1, 2(p— 1) 



re 



Tr.„ 

i=i 

4(P-3) 

+ ^ ] (^ti^p-i-n + ^p-l-u^S ) 



u=l 



Tr n 



Xn \ X 



1=1 

|(p-3) k 



1+ P Q . \ 



it— 1 i—1 



|(p-3) 



— Tr 



/(a; + Xp_i)-/(a;o) + /(a;i (p _ 1) )+ ^ x u /*(x p _i_ u ) j; 
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Therefore, 

S(f,pn)= e ™ -/Oo + z P -i) + /Oo) 

(x ,...,x p ^ 1 )e¥ p pn 

u=l 

= S(f,nfs(f,n) H ( J] e n (-x u f*(x p ^_ u )P' 

U — l X u ,Xp-i — u £W p n 

§(f>-3) 

= \S(f,n)\ 2 S(f,n) J] pW»+» 

u=l 

So, ()6.4j) is proved. 
Equation (|6.4j) gives 

^n(/X l -' P " (/ V- (/) =p^f- 3 )("+ i "(«)(p^"+ i "(/))) 2 < n (/)^»" i "(/V"(«, 

i.e., 

t pn (J)ji(p-l) 2 (P«-V(/))^(P™+V(/)) = in (J)j-i(p-l) 2 («-U/)) p :b( n +U/)). 

Thus, lpn(f) =pln(f) and 

i p „(/) = in (/)rKp-i) 2 [«-M/)+(p»-W/))] 

= ^(/)*"^ (p " 1)2(p+1)(n ^" (/)) 

= *»(/)• 

□ 

Corollary 6.3. In Theorem \6.S\ assume < s < ra\n{v p (ai) : 1 < i < k} — v p {n). 
Then 

W(f)=P s i n (f), 

W/) = *»(/)■ 

Proof. Apply (|6.5|) and (|6.(3|) repeatedly. □ 



7. When 1*2(0:1) = • ■ ■ = v 2 (u k ) 
Lemma 7.1. Let a%, . . . , > be integers. Then 

gcd(p Ql + 1, . . . , P ak + 1) > 2 <s> u 2 { ai ) =■■■= u 2 (a k ) < 00. 
When v 2 (a 1 ) = ■■■ = v 2 (a k ) < 00, 

gcd(p Ql + 1, . . . ,p ak + 1) = pS cd («i-^fc) + 1. 

Proof. It suffices to prove the lemma with k = 2. 

O) Since , i = 1,2, are odd, p( Q i>^) + 1 | + 1 for i = 1,2. Thus, 
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On the other hand, 

* (p°i + l >p a a + 1) | \{\{ P 2 ^ - 1), - 1)) 
= I(p 2 ( Q i>"2) _ ^ 

p(ai,a 2 ) _|_ ^ j,(a=l,a=2) _ ;[ 

2 2 ' 

Since (2^1, p '°"° 2 '" 1 ) = 1, we must have ±(p Ql + + 1) | £(p(«i.°*) + 1), 

i.e., (p ai + l,p a2 + 1) I p( Q i' Q 2) + 1. Hence, (p ai + l,p a2 + 1) = p( tt i' Q 2) + L 

(=>) Clearly, cti > for all 1 < i < k. Assume to the contrary that 1*2(0:1) > 
1^2(02). Write ai = 2 z a' 1 and 02 = 2 J a' 2 , where i > j, and a 2 are odd. Then we 
have 

(p ai + l,p a2 + 1) I {p Ta 'i a 2 +\,p 2a2 -I) 
= 2, 

which is a contradiction. □ 



p (o,/3) + 1 ifv 2 (p) >V2 (a), 
2 < 1*2(0). 



Lemma 7.2. Let a, /3 > 6e integers. Then 
(K + l,/-l) = 

Proof. If any of a and /3 is 0, the conclusion is obvious. So, assume a, /? > 0. 

First assume 1*2 (/3) > ^2(0). Since is odd, p( Q ^) + 1 | p a + 1; since is 
even, p( Q -« + 1 | p 13 - 1. So, p( Q ^> + 1 | (p a + l,p p - 1). Note that 

+ !,/-!) I l(p3«_ 

= i(p (2tt ^-l) 

= i(p (a '^-l)(p (a!/3) + l). 
Since (±(p a + 1), \(p^ - 1)) = 1, we must have 
(7.1) i(p" + i )P 0_i)|p<<».fl + i. 

For each igZ and odd integer fc > 0, we have 1*2(1 + a; fe ) = 1*2(1 +£)■ By this fact, 
v 2 {p a + 1) = ^(p^ 5 + 1) and v 2 {p 13 - 1) > ^ 2 (p Q + 1). So, i/ 2 (p Q + 1,P /3 - 1) = 
jy 2 (p(«,/3) + 1). Thus, (|7U) gives (p Q + l,^ 3 - 1) | p (a >^ + 1. So, we have proved 
that (p Q + - 1) + 1. 
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Now assume v<2,(fi~) < vi{a). We have 



'£+1 v a ~ l p -! \ i hj»-i J* 



2 < 2 , ■ aCf^-i^-D 



l(pO-^ _ i) 

1^) _ 1) 

3 « _ 1 p /3 _ 1 



Since (2^1, E^i) = 1, we must have (*^±±, = 1, i.e., (p a + l,pP - 1) = 

2. " □ 

Theorem 7.3. Let / be as in (12. 2p . Assume that ^(cui) = • ■ ■ = ^(cefe) = f and 
i/iat 1/3(71) > za XTien 2 y+1 | i n (/) and 

[(-l)"w~ i/z/>0. 

Proof. By Lemmas 17.11 and 17.21 we have 

gcd(p Q1 + 1, . . . ,p ak + l,p n - 1) = (pBed(oi.-.a*) + _ 1) 

(7 2) =p gcd( Ql ,...,Q fc ,n) + 1 

= (mod p 2 " + 1). 

Let q = p 2 + 1. Then 2 ly+1 is the multiplicative order of p modulo q, i.e., o q (p) = 
2 U+1 . Since 2 y+1 \ n, we have q \ p n - 1. 

We first show that 2 V+1 \ l n (f). In fact, we show that {a; G ¥ p n : f*(x) — 0} is a 
vector space over F p2 „+i . Let x S F p n such that /*(&) = and let y £ F p2 „+i . We 
want to show f*{yx) = 0. By (|2.5p . 

ft 

(7.3) /* (yz)^ " = £ (a i2 /* 4 x^' + of" 1 ) . 

i=l 

We claim that y p±Qi = y p ° for all 1 < i < k. By (ffT2|) . p Q ' = -1 (mod g); hence 
p ±Qi = — 1 (mod (7). Thus, p Q = — 1 = p ±Qi (mod q), i.e., p Q= F"i = \ ( m od 9) for 
all 1 < i < k. Since o q {p) = 2»+\ a T a* = (mod 2^ +1 ). So, y^" 1 = y, i.e., 

y p a = y P ±Q \ Now by (1731) . 

ft 

/*(yx) p " Q =/^(a i ^ i +af i ^° i ) = /f( a; f < ' =0. 

i=l 

Choose 2 s F*„ such that o(z) = g. Since p Qi +1 = (mod q), 1 < i < k, we 
have 

= f( x ) f OT all ye (z). 



EXPLICIT EVALUATION OF CERTAIN EXPONENTIAL SUMS 



19 



Thus, 

tn(f) 9 ;- Uf) P Uf) =S(f,n) 

= 1+ J2 e «(/w) 

zGF*„ 

(7.4) 

= l + q J2 e n(f(x)) 
= 1 (mod q). 

In the above, p l »(f> = 1 (mod q) since o q (p) = 2 U+1 | /„(/). Also, 



9 P 

hence, 



■q 

2-+ 1 



= (-i)i(^i) a V = (_i)^(p-i) 2 2"+i (mod q) . 



g n-U(f) = = ( _ 1)( |( p -i)^ + l)^£l (mQd ?) _ 



Now (I7T4]) gives 

^(/) = (-l) ( ^ (p - 1) ^ +1) ^ i . 

□ 

Corollary 7.4. j4sstime p = —1 (mod 4), a±, . . . , are all odd and n is even. 
Thent n (f) = l. 



Proof. This immediate from Theorem 17.31 □ 

Example 7.5. Let f(x) = 3x 5±+1 +x 53+1 G F 5 [x]. Then f*(x) = x + 3x 5 ' 2 +3x 5i + 
x 5 . The splitting field of /* over F5 is F 5 2o and 

f0 ifo<l, 
Wm-Cf) = I 2 if a > 2, 6 = 0, 
[6 if a >2, b= 1, 

where (to*, 2 • 5) = 1. By Theorem 17.31 t n (f) = — 1 for all even n. 

Theorem l 7 . 3l provides a quick proof for the explicit evaluation of the sum S(ax p +1 ,n) 

Corollary 7.6. Let a e F*„ and let a > 0. 

(i) Ifv 2 {n) < v 2 {a), 

S{ax p0,+ \n) = J7(a)(-l) n - 1 **< p - 1 >" n p* n . 

(ii) If v 2 (n) = v 2 (a) + 1, 



S(ax p +L ,n) 
(iii) //i/ 2 (n) > 1*2 (a) + I, 



' (p°-i)( P "-i) 

- j ;j , _ J p2[«+(2«,n)] jj fl t ,(2«,»;_ 1 = _ lj 

^—p2 n otherwise. 



(p°-ikp"-i) 



[p2 n otherwise. 
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Proof. We first show that 
(7-5) l n {f) = I 



(p°-i)(p"-i) P "-i 
(2a, n) if a p< 2 =-">-i = . 

otherwise. 



Note that f*{x) = a p ° x p2< * + ax = a pC "x(x p2 "~ 1 + a 1 -*"). Thus, if f*(x) = has a 
solution in F*„, the number of solutions is (p 2a — — 1) = p( 2a - n ) — 1. So, 



Uf) 



(2a, n) if f*(x) = has a solution in F*„, 
otherwise. 



Observe that f*(x) — has a solution in F*„ if and only if — a p 1 = x p 1 for 
some x £ F*„; the latter holds if and only if 



i.e., 

(p°-i)(p"-i) P "-i 

So, (|7.5p is proved. 

(i) Since v 2 {n) < u 2 (a), by LemmaOJ (p Q + l,p n -l) = 2. Therefore, . 
is a 2-to-l map from F*„ to (F*„) 2 . Hence, 

S(ax p " +1 ,n) 

= 1+51 e n(ax pa+1 ) = 1 + 2 ^ e„(aa;) 
*eF;„ *e(F;„) 2 

= 1+5] e n (ax 2 ) = ^ e„(aa; 2 ) = 77(a) ^ e„(x 2 ) 

= r)(a)(-l) n ~ 1 gp (by the Davenport-Hasse theorem [4], [101 §5.2]) 
= r){a)(-l) n -Hi (p - 1)2n p? n . 

(ii) Since z/ 2 (n) = v 2 ((2a,n)), p(2 p e T~ ) 1 _ 1 is odd. By JQ), 



««(/) 

By Theorem EU 



(p°-i)(p"-i) 
(2a, n) if a p< 2 =-">-i = -1, 

otherwise. 



Thus, 

S(ax pa +\n) =t n (f)9r lM) P lM) 

{, , , (p°-i)(p"-i) 

p i[n+(2Q,ri)] jf a p Ca».n)_ 1 _ _^ 
— p3™ otherwise. 

(In the above, we used the fact that V2(n — (2a, n)) > v 2 (n) and V2(2a+n) > v 2 (ri).) 
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(iii) In this case, $ a , n )~_ 1 is even. By (|7.5|) . 

{ (p°-mf"-i) 
(2a, n) if a = 1, 

otherwise. 

By Theorem 17. 31 

The conclusion follows the same way as in (ii). (Note that in this case, zAj(n — 
(2a, n)) = i/ 2 (a) + l.) □ 

Appendix. The Nullity l m (f) with p n = 3, a < 4 and p™ = 5, a < 3 

Let /(a;) = £*L a '^ P " +1 e F p"M with a fc e F p and let < m = (mod n). 
Since Tr^a,; 1 /) = a^ 1 Tr m (/), we have l m (f) = Imia^f), where a~ x f is monic. 
So, when computing l m (f) with afc £ F*, we may assume a& = 1. 

This appendix contains two tables. TableQ]gives the values of l m {f) with p" = 3 
and a < 4; table[3]gives the values of l m (f) with = 5 and a < 3. In both tables, 
the left column contains the coefficients do, ■ ■ ■ , afe of /(a;) = X)t=n °>i xP +1 with 
afe = 1. The middle column is s, where ¥ pS is the splitting field of f*(x). The right 
column lists all pairs (m, l m (f)) such that m | s. The values of l m (f) for arbitrary 
m follows from (|2.8|) . cf. Example 12.21 
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Table 1. Values of l m (f) with p n = 3, a < 4 
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Table 2. Values of l m (f) with p n = 5, a < 3 
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Z 1 1 


1 Q 
lo 


(1 ,U) 


( ~\ 1 A\ 




^11 

oil 


r. 



(~\ \~\ 

\ ? / 


(t\ A\ 




/I 1 1 
4 11 


0/1 
Z4 


(1 ,U) 


(o C\\ 


f'i (a (r cq n\ C19 ^^ C9/i 
v d,Uj (4,U) (b,Uj (8,UJ (l/,Uj (Z4,4j 


n o i 
U Z 1 


0£ 
ZD 


(1 ,UJ 


(o C\\ 


Mqnl (OR A \ 


10 1 
1 Z 1 


on 
zu 


(1 ,U) 






1 
Z Z 1 


^n 
oU 


f 1 1 \ 
(1,1 ) 


(0 1} 

(2,1) 


v d,lj (t>,^j (0,dj (W,Z) (ib,Z) (dU,4J 


9 O 1 

Z 1 


i ^ 
io 


(1 ,U) 


(\ % A \ 




/I 1 
4 Z 1 


i 

10 


(1 ,UJ 


(o,Z) 


v t>,Uj (,10,4j 


n q i 
U o 1 


i q 
io 


(1 ,U) 


('[ Q /I \ 




1^1 

1 O 1 


on 
zu 


(T 1 A 

v ? / 


/o U 


(a ^\ o\ o\ ton a\ 

(4,6) (0,Z) (W,Z) ^U,4J 


z 1 


on 
o(J 


/ 1 n\ 
(1,U) 


(2. 1 ) 


< O 0\ it. C\\ 1 G. 0\ /in 0^ /1 c n\ /on a\ 

(3,2) (5,0) (6,3) (10,2) (15,2) (30,4) 


Q Q 1 
o o 1 


0£ 
ZD 


(1 ,U) 


( Z V) 


ho ^9^ A \ 


/l Q 1 
4 o 1 


oU 


(1 ,UJ 




v ^,uj (t»,uj (b,^!j (lUjU; (lo.u; (,^u,4j 


n /i i 
U 4 1 


i 

10 


(1,1 ) 


(0,0 ) 


^ 9 s ! C1 ^ 


1/11 
14 1 


1 o 
1Z 


(1,U ) 


(2,0j 


''Q C/1 9^ (R 9~\ C 1 9 /I ^ 

v 3,0) (4,2J (b,2J (12,4j 


0/11 
Z 4 1 


ZD 


(1 ,U) 




q n\ (OR A \ 


Q /I 1 
O 4 1 


i n 

1U 


(1 ,UJ 




c^ C1 n a\ 


4 4 1 


94 


h c\ ) 

\ 5 / 


\Z.,U) 


rc { n"i (a n"i Cfi n"i cs n"\ n 9 n"\ C9/1 4"> 


1 


12 


(!>0) 


(2,0) 


(3,0) (4,2) (6,0) (12,6) 


10 1 


30 


(!>0) 


(2,1) 


(3,0) (5,0) (6,3) (10,2) (15,0) (30,6) 


2 1 


18 


(!.0) 


(2,0) 


(3,0) (6,0) (9,0) (18,6) 


3 1 


9 


(!.0) 


(3,0) 


(9,6) 


4 1 


15 


(1,1) 


(3,3) 


(5,2) (15,6) 


10 1 


8 


(!.0) 


(2,0) 


(4,2) (8,6) 


110 1 


126 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 


2 10 1 


30 


(!.0) 


(2,1) 


(3,2) (5,0) (6,3) (10,4) (15,2) (30,6) 


3 10 1 


30 


(1,1) 


(2,1) 


(3,1) (5,4) (6,3) (10,4) (15,4) (30,6) 


4 10 1 


63 


(!.0) 


(3,0) 


(7,0) (9,0) (21,0) (63,6) 


2 1 


12 


(!>0) 


(2,0) 


(3,2) (4,2) (6,4) (12,6) 
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a 0; • • • ! a k 


s 


[77% j I 


m{J )) 


, TTt | S 


19 1 
x z yj i 


91 

Z _L 






(7 Cl\ (91 R"l 


o o n i 
z z U 1 


1 QH 

loU 


^1,1 


(2,1) 


(5,2) (10,2) (13,1) (26,5) (65,2) (130,6) 


o o n 1 

o z u ± 


1 ^0 


h c\ \ 


(2,1) 


(5,0) (10,2) (13,4) (26,5) (65,4) (130,6) 


4 9 1 

Z U 1 


49 

4:Z 


\ ^ 


(2,0) 


(3,0) (6,0) (7,0) (14,0) (21,0) (42,6) 


(i ■) n i 

U O U 1 


90 


(~\ (W 


(2,0) 


(4,2) (5,0) (10,0) (20,6) 


13 1 

1 O U 1 




(\* \*\ 

V J 


(5,2) 


(13,5) (65,6) 


o n 1 

Z O u 1 


9/L 
z^t 


(i 1 C\\ 


(2,0) 


(3,0) (4,0) (6,2) (8,0) (12,2) (24,6) 


q ■) (1 1 

O O U 1 


9/L 
z^t 


(~\ C\\ 

\ 


(2,0) 


(3,2) (4,0) (6,2) (8,0) (12,2) (24,6) 


a 3 n i 

4 o U 1 


1 ^o 


(\\ (X\ 


(2,1) 


(5,0) (10,2) (13,0) (26,5) (65,0) (130,6) 


n a n 1 

U 4 u ± 


90 

zu 


(~\ W\ 

V ? 


(2,2) 


(4,4) (5,2) (10,4) (20,6) 


14 1 


( o 


h c\ \ 


(2,0) 


(3,2) (6,2) (13,0) (26,4) (39,2) (78,6) 


z 4 U 1 


oz 


( 1 (\\ 

( 1 


(2,0) 


(31,0) (62,6) 


q 4 n 1 
O 4 U 1 


Ol 


(\ V\\ 

\ 


(31,6) 


4: ^± U 1 


78 


(1 ft) 


(2,0) 


(3,0) (6,2) (13,4) (26,4) (39,4) (78,6) 


11 


^0 


(\\ C\\ 

\ 


(2,1) 


(5,0) (10,5) (25,0) (50,6) 


10 11 

1 U -L 1 


^9 
oz 


(\* C\ \ 


(2,0) 


(4,2) (13,4) (26,4) (52,6) 


9 11 


1 9 

J_Z 


(!>0) 


(2,0) 


(3,2) (4,0) (6,2) (12,6) 


3 11 


uo 


(1,1) 


(5,2) 


(13,5) (65,6) 


4 U 1 1 


* o 


(!.0) 


(2,0) 


(3,0) (6,2) (13,4) (26,4) (39,4) (78,6) 


111 

U 1 X 1 


94 
z^± 


(!.0) 


(2,0) 


(3,2) (4,0) (6,2) (8,4) (12,2) (24,6) 


1111 
1 1 1 1 


fiO 


(!.0) 


(2,1) 


(3,0) (4,3) (5,0) (6,3) (10,2) (12,5) (15,0) (20,4) (30, 4) (60,6) 


9 111 

Z 1 1 1 


1 ^0 


(1,1) 


(2,1) 


(5,2) (10,2) (13,1) (26,5) (65,2) (130,6) 


3 111 


7 


(!.0) 


(7,6) 




4 111 


fi9 
DZ 


(!.0) 


(2,0) 


(31,0) (62,6) 


9 11 
U Z 1 1 


OO 


(!.0) 


(3,0) 


(7,0) (9,0) (21,0) (63,6) 


19 11 
1 Z 1 1 


90 

zu 


(1,1) 


(2,1) 


(4,3) (5,4) (10,4) (20,6) 


9 9 11 

Z Z 1 1 


1 90 
1 zu 


(!.0) 


(2,1) 


(3,0) (4,1) (5,0) (6,1) (8,1) (10,2) (12,1) (15,0) (20, 2) (24,5) 






(30,2) (40,2) (60,2) (120,6) 


3 9 11 

O Z 1 1 


^0 


(!.0) 


(2,0) 


(3,2) (5,0) (6,4) (10,0) (15,4) (30,6) 


4 2 11 


o J. 


(!>0) 


(31,6) 


3 11 


30 


(1,1) 


(2,1) 


(3,1) (5,2) (6,3) (10,2) (15,2) (30,6) 


13 11 


60 


(!.0) 


(2,0) 


(3,2) (4,2) (5,0) (6,2) (10,0) (12,4) (15,2) (20,4) (30, 2) (60,6) 


2 3 11 


42 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (14,0) (21,0) (42,6) 


3 3 11 


130 


(!.0) 


(2,1) 


(5,0) (10,2) (13,0) (26,5) (65,0) (130,6) 


4 3 11 


124 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


4 11 


124 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


14 11 


24 


(!.0) 


(2,0) 


(3,0) (4,2) (6,0) (8,2) (12,2) (24,6) 


2 4 11 


78 


(!.0) 


(2,0) 


(3,0) (6,2) (13,0) (26,4) (39,0) (78,6) 


3 4 11 


124 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


4 4 11 


30 


(1,1) 


(2,2) 


(3,3) (5,2) (6,4) (10,4) (15,4) (30,6) 


2 1 


24 


(!.0) 


(2,0) 


(3,2) (4,0) (6,2) (8,0) (12,2) (24,6) 
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do, . . . , dk 


s 


(m,l m (f)), 


TO | S 


10 9 1 
± U Z ± 


OO 


(!.0) 


(3,0) 


(7,0) (9,0) (21,0) (63,6) 


9 9 1 
Z U Z ± 


fin 
ou 


(1,1) 


(2,1) 


(3,1) (4,3) (5,2) (6,3) (10,2) (12,5) (15,2) (20,4) (30, 4) (60,6) 


i o 9 i 

O U Z 1 


1 94 


(!>0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


4 9 1 

^± U Z _L 


fiO 
ou 


(!.0) 


(2,1) 


(3,0) (4,1) (5,0) (6,1) (10,2) (12,5) (15,0) (20,2) (30, 2) (60,6) 


19 1 
U 1 Z 1 


40 
^U 


(!.0) 


(2,1) 


(4,1) (5,0) (8,5) (10,2) (20,2) (40,6) 


119 1 

_L 1 Z _L 


1 90 


(1,1) 


(2,1) 


(3,1) (4,1) (5,2) (6,1) (8,1) (10,2) (12,1) (15,2) (20, 2) (24,5) 






(30,2) (40,2) (60,2) (120,6) 


9 19 1 

Z 1 Z _L 


^9 
oz 


(1,U ) 


(o 

(z\0) 


(4,2) (lo\0) (2o,4) (52,o) 


O 1 Z ± 




(1,0 ) 


/Q 0\ 

(3,2) 


/l Q A \ /OA (Z\ 

v lo,4) (oy,0) 


4 19 1 
^ 1 Z 1 


ou 


/ 1 n\ 
(1,0 J 


(2,0) 


/O A\ {PL f\\ /£i o^ /l A A\ /I C A\ /OA a\ 

(3,0) (5,0) (6,2) (10,0) (15,0) (30, b) 


9 9 1 
U Z Z 1 


1 ^o 


( 1 1 \ 
yi ,1 J 




0,zj (^lu,zj ^lo,lj ^Zo,Oj (00, A) ^loU,0J 


19 9 1 

_L Z Z _L 


^o 

ou 


(1,U J 


(2,1) 


/q o^i / , c;n s \ f a k\ /in o\ f i k o\ /on 
o,zJ (0,U) (0,0) y±V)Z) (iD,Z) ^oU,0) 


9 9 9 1 
Z Z Z 1 


^9 
oz 


/ 1 n\ 
(1,0 J 


(2,0) 


(a o^ dq A\ fOfi A\ /CO \ 

(4,2) (13,4) (26,4) (52,6) 


■) o 9 1 

O Z Z _L 


89 


[l ,UJ 


f9 o^ 


^11 r\\ ( p.\ 

ol,UJ ^OZ,DJ 


4 9 9 1 
^ Z Z 1 


00 


(1,U J 


(3,0) 


(7,0) (9,0) (21,0) (63,6) 


(119 1 

U O Z ± 


oo 


^ 1 ,U J 


(3,0j 


(7,U) (9,0) (21,0) (63,6) 


± O Z ± 


1 9fi 
±ZO 


(~\ C\\ 
[l ,Uj 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 


9 19 1 
Z O Z ± 


90 
zu 


/ 1 n\ 
(1,0 J 


(2,1) 


(4,3) (5,0) (10,2) (20,6) 


Q 1 9 1 
O O Z 1 


i 


/I A"! 

[i ,UJ 


(2,0) 


(3,0) (6,2) (13,4) (26,4) (39,4) (78,6) 


^± O Z _L 


1 ^ 


/ 1 1 \ 
(1,1) 


(3,3) 


(5,4) (15,6) 


0/191 
u ^ z 1 


78 
* 


(1,U J 


(2,0) 


(3,0) (6,2) (13,0) (26,4) (39,0) (78,6) 


1/19 1 


fi9 
oz 


/I A\ 

(1,U ) 


(2,0) 


(31,0) (62,6) 


9/191 
Z 41 z 1 


fiO 


1 ±,U ) 


(2,0) 


(3,2) (4,2) (5,0) (6,2) (10,0) (12,4) (15,4) (20,2) (30, 4) (60,6) 


1/19 1 
^± z 1 


1 

1U 


(1,1) 


(2,2) 


(5,2) (10,6) 


4/191 

4 'i i 1 


1 94 

1 Z4: 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


11 
U U 1 


9/1 
Z4 


(!.0) 


(2,0) 


(3,0) (4,0) (6,2) (8,0) (12,2) (24,6) 


1 n 1 

-L U O -L 


fiO 


(1,1) 


(2,1) 


(3,1) (4,1) (5,2) (6,1) (10,2) (12,5) (15,2) (20,2) (30, 2) (60,6) 


9 n q 1 
z U 1 


1 0/1 

lz4 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


10 11 
u ± 


fiO 
OU 


(!.0) 


(2,1) 


(3,2) (4,3) (5,0) (6,3) (10,2) (12,5) (15,2) (20,4) (30, 4) (60,6) 


4 11 
^ u 1 


1 9fi 
1ZO 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 


1 3 1 


40 


(1,1) 


(2,1) 


(4,1) (5,2) (8,5) (10,2) (20,2) (40,6) 


113 1 


15 


(!.0) 


(3,2) 


(5,0) (15,6) 


2 13 1 


78 


(!.0) 


(2,0) 


(3,0) (6,2) (13,0) (26,4) (39,0) (78,6) 


3 13 1 


52 


(!.0) 


(2,0) 


(4,2) (13,4) (26,4) (52,6) 


4 13 1 


120 


(!.0) 


(2,1) 


(3,0) (4,1) (5,0) (6,1) (8,1) (10,2) (12,1) (15,0) (20, 2) (24,5) 






(30,2) 


(40,2) (60,2) (120,6) 


2 3 1 


130 


(!)0) 


(2,1) 


(5,0) (10,2) (13,4) (26,5) (65,4) (130,6) 


12 3 1 


126 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 


2 2 3 1 


31 


(!.0) 


(31,6) 




3 2 3 1 


52 


(!.0) 


(2,0) 


(4,2) (13,0) (26,4) (52,6) 


4 2 3 1 


30 


(1,1) 


(2,1) 


(3,3) (5,2) (6,5) (10,2) (15,4) (30,6) 


3 3 1 


126 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 
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a 0; • • • ! a k 


s 


[77% j I 


m(/)) 


, m | s 


1 O O 1 


ou 


(~\ C\ \ 

\ ) 


(2,1) 


(3,0) (5,0) (6,3) (10,4) (15,0) (30,6) 


9 3 "? 1 
z o o i 


78 
i o 


(~\ C\\ 

\ 


(2,0) 


(3,2) (6,2) (13,0) (26,4) (39,2) (78,6) 


O O 1 


zu 


(~\ ~\\ 

V ? 


(2,1) 


(4,3) (5,2) (10,2) (20,6) 


4 3 1 


uo 


(~\ 0^ 

\ 


(3,0) 


(7,0) (9,0) (21,0) (63,6) 


U 4 o 1 


on 


(~\ (\\ 


(3,2) 


(13,4) (39,6) 




1 9 A 


(\ V\\ 

\ 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


O /I Q 1 
Z 4 O 1 


i n 


(\ 1} 

v ? , 


(2,2) 


(5,4) (10,6) 


"? ZL "? 1 
O 4 1 


OU 




(2,0) 


(3,0) (4,2) (5,0) (6,2) (10,0) (12,4) (15,0) (20,2) (30, 4) (60,6) 


zl zL "? 1 


Ol 


\ y^ 


(31,6) 


(i n /i 1 

U U 4 1 


9^ 
ZD 


(^ i ~i 

V ? , 


(5,5) 


(25,6) 


i n i 1 

1 U 4 1 


78 


(~\ C\\ 

\ 


(2,0) 


(3,2) (6,2) (13,0) (26,4) (39,2) (78,6) 


9 4 1 
Z U 4 1 


10U 


\ y^ 


(2,1) 


(5,0) (10,2) (13,0) (26,5) (65,0) (130,6) 


3 zl 1 

O U *± 1 


1 9 

J_Z 


(!.0) 


(2,0) 


(3,0) (4,0) (6,2) (12,6) 


zl D zl 1 
4± U 4 1 


^9 
dz 


(!>0) 


(2,0) 


(4,2) (13,0) (26,4) (52,6) 


n 1 zt i 

U 1 4: 1 


94 
z^ 


(!>0) 


(2,0) 


(3,0) (4,0) (6,2) (8,4) (12,2) (24,6) 


1 1 zL 1 

_L 1 4: 1 


Ol 


(!>0) 


(31,6) 


9 1 zL 1 


1 A 


(!>0) 


(2,0) 


(7,0) (14,6) 


^ 1 zL 1 
14 1 


1 ^0 
lou 


(!>0) 


(2,1) 


(5,0) (10,2) (13,4) (26,5) (65,4) (130,6) 


Zl 1 Zl 1 
*± 1 *± 1 


uu 


(1,1) 


(2,1) 


(3,3) (4,3) (5,2) (6,3) (10,2) (12,5) (15,4) (20,4) (30, 4) (60,6) 


9 zl 1 

U Z 4: 1 


1 9£ 

1 ZD 


(!.0) 


(2,0) 


(3,0) (6,0) (7,0) (9,0) (14,0) (18,0) (21,0) (42,0) (63, 0) (126,6) 


1 9 zl 1 

1 Z 4: 1 


fi9 
uz 


(!.0) 


(2,0) 


(31,0) (62,6) 


9 9 zl 1 

Z Z 4: 1 


ou 


(!.0) 


(2,0) 


(3,2) (5,0) (6,4) (10,0) (15,2) (30,6) 


9 zl 1 


1 90 
1ZU 


(1,1) 


(2,1) 


(3,1) (4,1) (5,2) (6,1) (8,1) (10,2) (12,1) (15,2) (20, 2) (24,5) 






(30,2) (40,2) (60,2) (120,6) 


4 2 4 1 


20 


(!.0) 


(2,1) 


(4,3) (5,0) (10,4) (20,6) 


3 4 1 


30 


(!.0) 


(2,1) 


(3,2) (5,0) (6,3) (10,2) (15,4) (30,6) 


13 4 1 


124 


(!>0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


2 3 4 1 


65 


(1,1) 


(5,2) 


(13,5) (65,6) 


3 3 4 1 


21 


(!>0) 


(3,0) 


(7,0) (21,6) 


4 3 4 1 


60 


(!,0) 


(2,0) 


(3,0) (4,2) (5,0) (6,2) (10,0) (12,4) (15,0) (20,4) (30, 2) (60,6) 


4 4 1 


124 


(!>0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


14 4 1 


30 


(1,1) 


(2,2) 


(3,1) (5,2) (6,4) (10,4) (15,2) (30,6) 


2 4 4 1 


124 


(!.0) 


(2,0) 


(4,0) (31,0) (62,0) (124,6) 


3 4 4 1 


39 


(!.0) 


(3,2) 


(13,4) (39,6) 


4 4 4 1 


24 


(!.0) 


(2,0) 


(3,0) (4,2) (6,0) (8,2) (12,2) (24,6) 



